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Microwave cavities have been widely used to investigate the behavior of closed few-level systems.
Here, we show that they also represent a powerful probe for the dynamics of charge transfer between
a discrete electronic level and fermionic continua. We have combined experiment and theory for
a carbon nanotube quantum dot coupled to normal metal and superconducting contacts. In equi-
librium conditions, where our device behaves as an effective quantum dot-normal metal junction,
we approach a universal photon dissipation regime governed by a quantum charge relaxation effect.
We observe how photon dissipation is modified when the dot admittance turns from capacitive to
inductive. When the fermionic reservoirs are voltage biased, the dot can even cause photon emission
due to inelastic tunneling to/from a Bardeen-Cooper-Schrieffer peak in the density of states of the
superconducting contact. We can model these numerous effects quantitatively in terms of the charge
susceptibility of the quantum dot circuit. This validates an approach that could be used to study a
wide class of mesoscopic QED devices.
PACS numbers: 42.50.Pq, 74.25.N-,73.23.-b, 73.63.Fg
I. INTRODUCTION
Circuit QED techniques1 have been recently put for-
ward to investigate the electronic dynamics in quantum
dot circuits2–4, or, more generally, mesoscopic circuits5.
So far, the interaction between cavity photons and
charges6–16 or spins17 confined in quantum dots has
raised most experimental attention. This atomic-like
limit is a priori very appealing for quantum information
applications since it goes, in principle, with long coher-
ence times. Nevertheless, mesoscopic circuits are insep-
arable from the existence of electronic reservoirs with
Fermi seas. These fermionic reservoirs are not neces-
sarily a drawback. For instance, a strong coupling be-
tween a dot and a normal metal enables to revisit con-
densed matter problems such as the Kondo effect. Fer-
romagnetic contacts can be used to design spin quan-
tum bits17, or study spin-dependent transport18. Super-
conducting contacts are crucial for the study of Cooper
pair splitting19,20, Andreev bound states21–23, and Ma-
jorana quasiparticles24. In principle, microwave cavi-
ties could represent a powerful tool to investigate these
features25–32.
In this context, it is crucial to understand how tun-
neling processes between a discrete energy level and the
continuum of states of a reservoir can affect cavity pho-
tons. This situation is epitomized by a single quantum
dot circuit coupled to a cavity, a case which has been
studied elusively so far3,8,33. A recent experiment has
revealed that the quantum dot can add an effective ca-
pacitance or an inductance to the photons environment,
depending on the transparency of its contacts8. How-
ever, the cavity dissipation expected together with this
effect has been left unexplored. On the theory side,
most experiments combining quantum dot circuits and
microwave resonators have been interpreted by disregard-
ing fermionic reservoirs or by using a Lindbladt equation
suitable for dot/reservoir tunnel rates much smaller than
the temperature of the experiment. An alternative ap-
proach is highly desirable for investigating the open con-
tacts limit. Descriptions in terms of the charge suscep-
tibility of the quantum dot circuits have been recently
suggested5,34–36.
In this work, we study experimentally and theoreti-
cally the behavior of a single quantum dot in a car-
bon nanotube, coupled to normal metal (N) and su-
perconducting (S) reservoirs, and embedded in a high
finesse microwave cavity. In a first step, we study a
dot with a discrete level coupled only to the N reser-
voir. In this case, the current response of the dot to a
direct gate voltage excitation VRF can be developed as
IRF = iωRFCQ(1−iωRFRACCQ)VRF+o(ω
2
RF ), provided
the frequency ωRF of the excitation is smaller than the
tunnel rate ΓN of the N/dot junction. This development
maps onto that expected for a RC circuit with capaci-
tance CQ and resistance RAC . The capacitance CQ char-
acterizes the ability of the dot to host electrons at DC
or low frequencies. The resistance RAC describes the dy-
namics of charge tunneling through the junction, which
leads to the relaxation of the charge imbalance caused
by VRF . For an incoherent device, RAC depends on the
detailed properties of the dot circuit. However, in the
coherent non-interacting limit with ωRF ≪ ΓN , Bu¨ttiker
and coworkers have predicted that RAC should take a
universal value, independently of the dot parameters37,38.
This effect, which reveals the wavy behavior of electrons
inside the dot, is of fundamental as well as practical im-
portance in the context of the miniaturization of elec-
2tronic devices. The only observation of a universal RAC
so far was performed by Gabelli et, al. with a strongly
spin-polarized GaAs quantum dot, using AC conduc-
tance measurements39. Remarkably, this dot was in a
non-interacting regime due to a top gate with an unusu-
ally large capacitance40. Noticeably, the independence
of RAC from the dot orbital energy was not tested by
Gabelli and coworkers. In our system, this property ap-
pears as a scaling between the dissipation and dispersion
induced by the dot on the cavity. We can confirm exper-
imentally this scaling behavior for intermediate tunnel
rates ΓN ∼ 2.5ωRF where it is already approximately
valid and well resolvable. Remarkably, this effect oc-
curs in spite of the presence of strong Coulomb block-
ade in our sample. The effect of interactions on quantum
charge relaxation has raised an intense theoretical activ-
ity because, in practice, most quantum dots are subject
to strong Coulomb interactions. In this limit, predictions
for RAC display a rich phenomenology
41–47. Neverthe-
less, it was recently suggested that a universal charge
relaxation resistance persists in the spin-degenerate in-
teracting case45,46. Our results are consistent with this
prediction. Finally, we observe how quantum charge re-
laxation depends on the dot orbital energy for smaller
tunnel rates, when the dot admittance turns from capac-
itive to inductive.
In a second step, we study the finite bias voltage regime
where the dot level is also coupled to the S reservoir.
Contextually, the implementation of mesoscopic QED ex-
periments with superconducting hybrid circuits is very
recent. Atomic contacts between superconductors have
been used to form a new type of quantum bit based on
Andreev bound states23. Semiconducting nanowires have
been used for realizing Josephson junctions in supercon-
ducting circuits48,49. However, quantum dot circuits with
superconducting reservoirs have been coupled neither to
microwave cavities nor to a direct AC excitation, so far.
Despite this lack of experiments, photon-assisted tunnel-
ing between a dot and a superconductor has raised the-
oretical interest for more than 15 years50–59. The cou-
pling between superconductor/quantum dot hybrid cir-
cuits and microwave cavities has also been studied in re-
cent theory works25–27. Here, we show experimentally
that a microwave cavity is able to reveal photon-assisted
tunnel events between a dot and the BCS peaks of a
superconductor, not visible in the dot current. In partic-
ular, we observe negative photon damping, which reveals
photon emission. This result illustrates that quasipar-
ticle tunneling to a fermionic reservoir does not always
induce photonic dissipation.
In order to understand our measurements, we use a
Keldysh Green’s function approach. We can reproduce
simultaneously the quantum dot conductance and the mi-
crowave response of the cavity, versus the dot gate and
bias voltages, with an unprecedented accuracy for this
type of hybrid system. We thereby validate the descrip-
tion of mesoscopic QED experiments in terms of an elec-
tronic charge susceptibility. To illustrate the broad scope
FIG. 1: Panels (a) and (b): Scanning electron micrograph of
the microwave resonator and the quantum dot circuit. Panel
(c): Principle of our setup. The dot level is tunnel coupled to
the N and S reservoirs and modulated by the cavity electric
field. Panel (d): Current through the S contact versus the
effective gate voltage Vg and the bias voltage Vb.
of this approach, we present its multi-dot generalization,
which can be used for many different geometries, like
for instance Cooper pair splitters and topological hybrid
nanocircuits. Our work also opens wide experimental
perspectives since microwave cavities appear as a power-
ful probe for quantum charge relaxation, photon-assisted
tunneling, and all other effects involving tunneling be-
tween a discrete level and fermionic reservoirs.
This article is organized as follows. Section II presents
our experimental setup. Sections III and IV analyze our
experimental data, for the N/dot and N/dot/S limits re-
spectively. Section V summarizes our results, presents
the multi-dot generalization of our approach, and vari-
ous perspectives. Appendix A shows experimental de-
tails and supplementary data. Appendix B discusses our
theoretical approach.
II. EXPERIMENTAL SETUP
We use a carbon nanotube on which we evaporate a
superconducting contact (S) surrounded by two normal
metal (N) contacts, visible in Fig.1b (technical details are
presented in Appendix A). In our regime of parameters,
the whole nanotube section between the two N contacts
forms a single quantum dot. An effective gate voltage
Vg is used to tune the dot level orbital energy εd. We
connect the S contact to ground and we apply the same
bias voltage Vb to the two N contacts, which can thus
be considered as an effective single contact60. The dot
is capacitively coupled to the central conductor of a su-
perconducting coplanar waveguide cavity through a top
3gate TG (see Fig.1a). We measure the cavity transmis-
sion bt/bin at a frequency ωRF equal to the bare cav-
ity frequency ω0 ∼ 2pi × 6.65 GHz. We determine the
phase shift ∆ϕ and the reduced amplitude shift ∆A/A0
of bt/bin, which are caused by the presence of the quan-
tum dot circuit, with A0 the bare cavity transmission
amplitude. Simultaneously, we measure the DC current
I and differential conductance G through the dot. The
current I shows clear signatures of Coulomb blockade
with a charging energy Ec ≈ 1.8 meV (see Fig.1d). It
also vanishes for a bias voltage Vb smaller than the gap
∆ ≃ 0.17 meV of the S contact. Therefore, for Vb = 0,
the effect of the S contact can be disregarded and the
quantum dot circuit corresponds to an effective N/dot
junction, studied in section III. For e |Vb| > ∆, our device
enables the study of quasiparticle transport in a N/dot/S
bi-junction, presented in section IV.
III. PHOTON DISSIPATION IN AN
EFFECTIVE N/DOT JUNCTION
A single dot level coupled to a N reservoir is the most
basic configuration for studying the light matter interac-
tion in a mesoscopic circuit. Our device realizes such a
situation for Vb = 0 due to the absence of subgap An-
dreev reflections. Figure 2 shows the cavity signals ∆ϕ
(blue dots) and ∆A/A0 (red dots) versus the energy εd
of the dot orbital, for Vb = 0, and decreasing tunnel rates
ΓN from left to right and top to bottom panels. The cor-
respondence between εd and the gate voltage Vg is given
in appendix A for each dot level. We observe resonances
although I = 0. This means that the cavity is able to
reveal quasiparticle tunneling between the dot and the
N contact even if it does not lead to a DC current. The
phase signal ∆ϕ (blue dots) can be positive as well as
negative, as already observed in Ref.8, depending on the
value of ΓN . This is because, for ω0 ≪ ΓN , the quantum
dot circuit behaves as an effective capacitance. Electrons
can follow very rapidly the variations of the dot potential
to go in and out of the dot, proportionally to the dot den-
sity of states. However, for ω0 ≫ ΓN , the charge current
lags behind the dot potential, so that the dot behavior
becomes inductive37,61. In contrast, the signal ∆A (red
dots) always remains negative, up to experimental uncer-
tainty. One could naively expect that ∆A, which reveals
photon dissipation, will scale with ΓN which is the main
dissipation parameter in our problem. However, this in-
tuition is wrong since ∆A becomes small when ΓN tends
to large values (see Fig.2a).
To understand the behavior of our device, we use the
Hamiltonian
Htot = Hd + ω0aˆ
†aˆ+ g(aˆ+ aˆ†)
∑
σ
dˆ†σ dˆσ
+
∑
p
ωpbˆ
†
pbˆp +
∑
p
(τpbˆ
†
paˆ+ τ
∗
p aˆ
†bˆp) (1)
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FIG. 2: Measured phase shift ∆ϕ (blue dots) and reduced
amplitude shift ∆A/A0 (red dots) of the microwave signal
transmitted by the cavity versus the energy εd of the dot
orbital, for Vb = 0 and different dot orbitals with decreasing
tunnel rates ΓN from top to bottom and left to right panels
(for clarity, we have plotted the opposite of these signals).
The red and blue lines show the predictions given by Eqs. (5)
and (6) for values of ΓN and g given in the different panels
and T = 60 mK ≃ 0.19ω0.
where Hd describes the quantum dot circuit (see ap-
pendix B for details), dˆ†σ adds an electron with spin σ
in the dot level, aˆ† adds a photon in the cavity and bˆ†p
describes a bosonic bath which accounts for the cavity
intrinsic linewidth Λ0. We assume that cavity photons
modulate the chemical potential of the quantum dot with
a coupling constant g = eκVrms, with Vrms the cavity
root mean square voltage and e the electron charge. The
dimensionless coupling constant κ depends on the over-
lap between the electron wavefunction associated with
the dot level and the photonic pseudopotential, which is
spatially non-uniform5. Therefore, the value of g gener-
ally depends on the dot level considered, as we will see
in the experimental data. Using Eq.(1), a semiclassical
linear response approach leads to the cavity transmission
(see Appendix B):
bt
bin
=
t0
ωRF − ω0 − iΛ0 − g2χ(ω0)
(2)
The quantum dot charge susceptibility χ(ω) can be cal-
4culated within the Keldysh formalism as
χ∗(ω) = −i
∫ dω
2pi
Tr
[
Sˇ(ω)Gˇr(ω)Σˇ<(ω)Gˇa(ω)
]
(3)
with
Sˇ(ω) = τˇ
(
Gˇr(ω + ω0) + Gˇ
a(ω − ω0)
)
τˇ (4)
The retarded and advanced Green’s functions Gˇr/a of the
quantum dot and the lesser self energy Σˇ<(ω) are defined
in Appendix B. The matrix τˇ = diag(1,−1) describes the
structure of the photon/particle coupling in the Nambu
(electron/hole) space. Note that this degree of freedom is
not necessary for describing the N/dot junction, but we
introduce it for a later use in section IV. In the present
section, we disregard the S reservoir and use Ec = 0 so
that the susceptibility χ(ω) can be simplified as Eq. (28)
of Appendix B at zero temperatures and
χ(ω) =
∫ +∞
−∞
dω′
piω
ΓN (f(ω
′)− f(ω′ − ω))
(ω′ − εd − i
ΓN
2 )(ω
′ − ω − εd + i
ΓN
2 )
(5)
with f(ε) = 1/(1 + exp[ε/kbT ]) for finite temperatures.
Below, we interpret our data by using the exact non-
interacting expression (5) of χ(ω), which depends only
on two parameters: the tunnel rate ΓN between the dot
and N and the temperature T . We obtain a quantita-
tive agreement between the measured (∆ϕ,∆A) and the
values calculated from the transmission ratio
(1 + (∆A/A0))e
i∆ϕ = Λ0/(Λ0 − ig
2χ(ω0)) (6)
which follows from Eq.(2) for ωRF = ω0 (see red and
blue lines in Fig. 2). We use the same finite temperature
T = 60 mK for all the resonances. Then, for each res-
onance, there remains only two adjustable parameters,
namely g and ΓN , to fit simultaneously the ∆ϕ and ∆A
curves. Remarkably, we obtain a good agreement with
the data for a wide range of ΓN/ω0 ratios (see Fig. 7
for supplementary resonances). The full functional form
of the cavity response is accurately reproduced by our
theory. Such a modeling was not possible for previous
experiments combining (real or effective) single quantum
dots with microwave cavities3,8,33.
A deeper analysis of the cavity response can be per-
formed by studying the cavity frequency shift ∆ω0
and cavity linewidth shift ∆Λ0, which can be ob-
tained from the experimental signals as62,63 ∆ω0 =
Λ0(A0/A) sin(∆ϕ) and ∆Λ0 = Λ0 ((A0/A) cos(∆ϕ) − 1)
and modeled theoretically from ∆ω0 + i∆Λ0 = g
2χ(ω0).
To study the relation between ∆Λ0 and ∆ω0, we define
the ratio
θ =
pi
2
ω0
g2
(∆ω0)
2
∆Λ0
(7)
which can be modeled theoretically as
θ =
pi
2
ω0
(Re[χ])2
Im[χ]
(8)
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FIG. 3: Top panel: Ratio θ0 = θ(εd = 0) versus the tunnel
rate ΓN , calculated from Eqs. (5), (8), and (28) for T = 0
(black dashed line) and T = 60 mK (gray full line). The
crosses correspond to fitted values of θ0, calculated from Eqs.
(5) and (8) for the different resonances in Figs. 2 and 7.
Bottom panels: Comparison between the experimental ∆Λ0
and (∆ω0)
2, using the scaling factor α = piω0/2θ0g
2 , with θ0
indicated with arrows in the top panel. We use ΓN/ω0 = 0.16,
1.23, 2.33 and 2.86 from left to right and top to bottom panels.
We also show as blue and red full lines the calculated ∆Λ0
and (∆ω0)
2 .
The top panel of Fig.3 shows with a dashed line θ0 =
θ(εd = 0) versus ΓN/ω0, calculated at T = 0 from Eqs.(8)
and (28), for a dot level at resonance with the Fermi
energy of the reservoir (εd = 0). Remarkably, θ0 shows
the minimum θ0 = 0 for ΓN ∼ 0.7ω0 due to the inductive
to capacitive crossover of Fig.2. Then, in the adiabatic
limit ΓN ≫ ω0, θ0 tends to 1. In fact, this limit is valid
for any value of εd, i.e.
lim
ΓN/ω0→+∞
θ(εd) = 1 (9)
The full gray line in Fig.3, top panel, shows θ0 for the
temperature T = 60 mK, calculated from Eqs. (5) and
(8). It illustrates that finite temperatures affect quan-
5titatively the behavior of the system for low values of
ΓN , but Eq.(9) remains valid as soon as ΓN ≫ kBT . A
straightforward question is whether the non-trivial be-
havior of Eq.(9) can be observed with our experiment.
This equation has two important implications. First, it
predicts that the ∆Λ0 and (∆ω0)
2 curves versus εd (or
equivalently versus the dot gate voltage Vg) should be
proportional in the open contact limit. Second, it gives
the exact value of the proportionality constant between
∆Λ0 and (∆ω0)
2. The latter cannot be accessed in our
experiment. Indeed, we cannot calibrate the absolute
value of θ because we don’t have an independent exper-
imental determination of the parameter g. Instead, we
determine g and thus θ from a fitting procedure which
relies on the assumptions of our theory. Nevertheless,
we can test experimentally the scaling between ∆Λ0 and
(∆ω0)
2, as discussed below.
To illustrate the large variety of regimes achieved with
our experiment, we show with crosses the fitted values of
θ0, calculated from Eqs. (5) and (8), for the fitting pa-
rameter ΓN of the different resonances in Figs.2 and 7 and
T = 60 mK. In principle, the scaling between ∆Λ0 and
(∆ω0)
2 should be closely satisfied in the gray area where
θ0 ≃ 1. However, for the two resonances we have found
in this area (ΓN = 18.1ω0 and ΓN = 14.3ω0), we cannot
determine reliably ∆Λ0 from ∆A and ∆ϕ because ∆A is
small and thus too much affected by background varia-
tions. This difficulty raises because in the adiabatic limit,
the dot charge is in phase with the dot gate excitation, i.e.
χ(ω0 ≪ ΓN ) = ~∂ 〈n〉 /∂εd ∈ R with 〈n〉 the static charge
occupation of the dot. This is why, for ΓN ≫ ω0, we find
that ∆Λ0 = g
2 Im[χ(ω0)] ∼ 8g
2(ω0/ΓN)
2/piω0 vanishes
like (ω0/ΓN)
2. From Ref.63, ∆A is itself small in this
case. Nevertheless, we can interpret the raw cavity sig-
nals ∆ϕ and ∆A with the same theory as our other data,
which shows that they are consistent with the universal-
ity of charge relaxation (see Figs.2a and 7). To resolve the
scaling behavior of the cavity response, we now consider
the resonances at ΓN = 2.40ω0 and ΓN = 2.86ω0. These
points belong to the pink area 2 ≤ ΓN . 10 of Fig.3,
where, from our theory, the scaling behavior should still
hold approximately, although θ0 < 1. As visible in pan-
els 3c and 3d, we indeed find that the proportionality
between the experimental ∆Λ0 and (∆ω0)
2 is satisfied to
a good accuracy, with a scaling factor α = piω0/2θ0g
2.
Small discrepancies between ∆Λ0 and α(∆ω0)
2, are visi-
ble in the theoretical curves (see red and blue lines) but
not resolvable experimentally. Such a scaling behavior is
observed here for the first time. Finally, we can observe
how the scaling behavior breaks down for smaller tunnel
rates. When ΓN decreases, the (∆ω0)
2 peak versus εd
first becomes wider than the ∆Λ0 peak (not shown), be-
fore becoming strongly non monotonic (See Figs.3a and
3b).
The remarkable scaling between ∆Λ0 and (∆ω0)
2 is
directly related to the universality of the AC resistance
of a quantum dot circuit, which was predicted by M.
Bu¨ttiker et al. two decades ago37,38, and recently re-
visited as a Korringa Shiba relation43,45,64. More pre-
cisely, for a non-interacting N/dot junction (Ec = 0) ex-
cited at a frequency ωRF such that ΓN ≫ ωRF , kBT , the
AC resistance is set by θ(εd), i.e. RAC = h/4e
2θ(εd),
which gives RAC = h/4e
2 for our spin-degenerate case,
for any gate voltage. This effect can be understood as
a quantum charge relaxation effect, which involves the
internal coherent dynamics of the quantum dot. So far,
the universality of the quantum charge relaxation had
been observed only with a strongly spin-polarized GaAs
2-dimensional electron gas device39. Here, we present
the second example of system, i.e. a spin-degenerate car-
bon nanotube device, whose behavior is consistent with
this phenomenon. Indeed, the scaling behavior between
∆Λ0 and (∆ω0)
2 reveals the independence of RAC from
the dot gate voltage Vg (or equivalently from the dot or-
bital energy εd), a property which could not be probed in
Ref.39, and which is already valid for intermediate tunnel
rates.
The fact that we model the charge susceptibility of
the quantum dot circuit with a non-interacting model
in spite of Coulomb blockade is non trivial. This ap-
proach is useful to understand our data because we are
in a deep Coulomb blockade regime (ΓN ≪ Ec) where
correlations effects induced by interactions (e.g. Kondo
effect) are weak. In this limit, one can expect G and χ
to show variations similar to those of the non-interacting
case, with only quantitative modifications. In particular,
a reduction of the amplitude of the signals is expected,
due to the reduction of the dot occupation by Coulomb
blockade65. Our results suggest that in our regime of pa-
rameters, interactions simply lead to a renormalization of
our fitting parameters. In principle, it is possible to gen-
eralize our model to the interacting case to study quan-
titatively the effects of a finite Ec
65,66. This is beyond
the scope of the present article. Anyhow, our observation
of the scaling between ∆Λ0 and (∆ω0)
2 is independent
from any theoretical assumption on the dot interaction
regime since the calculation of these quantities from the
raw data only relies on Eq.(2). The fact that we observe
the scaling behavior between ∆Λ0 and (∆ω0)
2 in spite
of strong Coulomb blockade is remarkable. This is in
agreement with recent theory works which suggest that
the universality of the charge relaxation resistance RAC
persists in the spin-degenerate interacting case45,46.
IV. NEGATIVE PHOTON DAMPING BY A
N/DOT/S BI-JUNCTION
A common belief is that a fermionic reservoir should
necessarily damp cavity photons since it calls for irre-
versible processes. Is it possible to go against this nat-
ural trend? To answer this question, we consider the
finite bias voltage regime Vb 6= 0 where our device im-
plements a N/dot/S bi-junction. This can be confirmed
from the bi-junction conductance versus Vb and the dot
gate voltage Vg (Fig. 4a). Like in Fig.1d, we observe two
6Coulomb triangles which do not close on the Vb = 0 line
but at eVb ∼ ±∆, and which are shifted along the Vg
axis. These features are typical of a N/dot/S structure
and are due to the gap and BCS peaks in the density
of states of the S contact67–69. The conductance reso-
nances corresponding to an alignment between the dot
level and the BCS peaks display negative differential re-
sistance areas68 (see red areas in Fig. 4a). This can be
understood easily in the limit ΓS ≪ kBT , where, from
a Fermi’s golden rule argument, the conductance is pro-
portional to the derivative of the BCS peak70. It is also
interesting to notice that the conductance above the gap
has a small amplitude |G| < 0.12× e2/h, which suggests
a strong asymmetry between the tunnel rates ΓN and
ΓS to the N and S contacts. A theoretical modeling of
the conductance with Eq.(29) of Appendix B confirms
that for the dot level considered in this section, one has
ΓS ≪ ΓN < kBT (see Fig.4b).
We have measured the cavity signals simultaneously
with G (Figs. 4c and 4e). In agreement with section III,
∆ϕ and ∆A reveal the resonance between the dot level
and the Fermi energy of the N contact even inside the
gap area (e |Vb| < ∆), in contrast to what happens for
G. Sign changes in ∆ϕ similar to those of Fig.2d indi-
cate that we are in a regime with ΓS ,ΓN ≪ ω0. The
microwave amplitude A shows a more surprising behav-
ior. Indeed, the resonances of the dot level with S and
N do not affect similarly the A signal. For e |Vb| > ∆,
the resonances with the S contact are closely followed by
an area with ∆A > 0, which indicates a counterintuitive
negative photon damping (or photon emission) caused by
a fermionic reservoir (see dark blue areas in Fig.4e). So
far, with quantum dots circuits coupled to cavities, pho-
ton emission had been obtained only due to tunneling
between two discrete dot levels13–16.
To model the cavity response, we use again Eqs.(3) and
(6), with expressions of Gˇr/a(ω) and Σˇ<(ω) which take
into account the finite ΓS (see Eqs.(21)-(27) of Appendix
B). We can reproduce quantitatively the three signals
∆ϕ, ∆A and G versus Vb and Vg with a consistent set of
parameters (see Figs. 4b, 4d and 4f). The good agree-
ment between the data and theory is also visible in Fig. 8
of Appendix A for constant values of Vb. In particular,
our theory reproduces well the positive ∆A areas. We
take into account the lever arms determining the shift of
the dot and reservoir energy levels with Vb and Vg. We
also use the gap value ∆ = 0.17 meV given straightfor-
wardly by the G(Vb, Vg) map
69. Then, there remains only
5 adjustable parameters: ΓN , ΓS , g, T , and the broad-
ening parameter Γn for the BCS peaks. Fitting simulta-
neously three two-dimensional plots in these conditions
is non-trivial and possible only due to the adequacy of
our model. The agreement with the data is optimal for
ΓN/2pi = 0.6 GHz, ΓS/2pi = 65 MHz, Γn/2pi = 8 GHz,
g/2pi = 99 MHz, and T = 90 mK. The Eq.(29) used to
model G has been obtained in the absence of the cav-
ity (g = 0). This approximation is relevant because the
cavity brings only small corrections to this expression,
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FIG. 4: Panels (a), (c) and (e): Measured linear conductance
G, phase shift ∆ϕ and total amplitude A of the transmitted
microwave signal, versus the dot gate voltage Vg and the bias
voltage Vb. Panels (b), (d) and (d): Predictions from Eqs.
(3), (6) and (29), for ΓN/2pi = 0.6 GHz, ΓS/2pi = 65 MHz,
Γn/2pi = 8 GHz, g/2pi = 99 MHz, ∆ = 0.17 meV, T = 90 mK,
ω0/2pi = 6.65 GHz, A0 = 6.1 mV, and Λ0/2pi = 0.259 MHz.
The white color corresponds to A = A0 in panels (e) and
(f). Panels (1), (2) and (3): Electric potential configuration
corresponding to the black points in panel (d).
not resolvable in our experiment. In contrast, ∆ϕ and A
are calculated to second order in g. We have again used
a non-interacting approach to model the dot behavior.
This approximation is relevant to understand our data
because we are in the deep Coulomb blockade regime
and because Andreev reflections (which are very sensi-
tive to interactions) are negligible in the small ΓS limit.
Therefore, interactions should only induce quantitative
7modifications of the dot/lead resonances. Note that a
temperature T = 60 mK is optimal to interpret the low
bias voltage data of section III, but we need a higher tem-
perature T = 90 mK to interpret the finite bias voltage
data of section IV. This may be due to heating effects
caused by Vb 6= 0, or to interactions which can modify
the dot occupation and thus the amplitude of dot/lead
resonances in the out-of-equilibrium regime.
Are the G < 0 and ∆A > 0 effects related? In order to
answer this question, Fig. 5 shows the measured A and G
versus Vg (red dots) together with the theory of Fig.4 (red
lines), for a constant bias voltage Vb = 0.336 mV, along
the dashed line in Fig.4a. These signals vary smoothly
due to the large value of Γn. It is very instructive to use a
smaller BCS peak broadening parameter Γn/2pi = 1 GHz
for the theory (blue lines). The A signal then shows
a cusp when the dot level is at resonance with a BCS
peak (gray dashed line (2)) or shifted by ±~ω0/α (gray
dashed lines (1) and (3)), with α the lever arm associ-
ated to Vg. This indicates inelastic tunneling accompa-
nied by photon absorption or emission along lines (1) and
(3). More precisely, in the configuration corresponding
to panel (1)/(3) of Fig. 5, the BCS peaks of the S contact
reinforce the probability of photon absorption/emission,
leading to a pronounced negative/positive ∆A peak. In
contrast, one keeps ∆A < 0 near the N/dot resonance
because the density of states of the N contact can be
considered as constant. As expected, the theoretical G
for Γn/2pi = 1 GHz and g = 0 does not show cusps along
lines (1) and (3) since this quantity does not take into
account photon emission or absorption (see blue line in
top panel of Fig. 5). Since the experimental G is dom-
inated by the zeroth order contribution in g, it implies
that the G < 0 and ∆A > 0 effects in our data are not
directly related. It is more correct to state that these
two effects have a common origin. More precisely, G < 0
is due to the fact that the DOS of S decreases with en-
ergy in certain areas, which leads to a reduction of the
dot current, whereas ∆A > 0 is due to the strong DOS
peaks which reinforce photon emission. Note that Fig.1
shows extra resonant lines parallel to the Coulomb dia-
mond borders, which can be attributed to excited states
of the quantum dot. The excitation energy Eex of these
levels is such that Eex & 0.30 meV≫ ~ω0 ≃ 0.027 meV.
Furthermore, the measurements of section IV have been
realized in another gate voltage range where such excited
states are not visible. Hence, the dot excited states can
be disregarded to discuss photon-assisted tunneling.
It is important to replace the above results in a wider
context. Photon-assisted tunneling has been observed for
40 years in SIS junctions71 and for 25 years in quantum
dots with N contacts72–74. In these seminal experiments,
a broad band coupling scheme was used instead of a cav-
ity and the photo-induced current was directly measured.
In this context, one novelty of our work is that we use a
highly resonant microwave technique to inject and probe
photons. We send a limited photonic power on the quan-
tum dot circuit, so that the photo-induced current is not
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FIG. 5: Conductance G and microwave amplitude A versus
Vg (red dots), measured along the dashed line in Fig.4a for
Vb = 0.336 mV, and theory using the same parameters as in
Fig.4 and Γn/2pi = 8 GHz (red lines) or Γn/2pi = 1 GHz (blue
lines). The theoretical G for Γn/2pi = 1 GHz has been mul-
tiplied by 0.2. Panels (1), (2) and (3) illustrate the transport
regimes corresponding to the gray dashed lines. In panel (2),
the dot orbital is resonant with a BCS peak in the DOS of the
S reservoir. In panels (1)/(3), an electron can pass from the
dot orbital to the BCS peak by absorbing/emitting a cavity
photon.
resolvable. More precisely, along lines (1) and (3), the
rate of photon absorption/emission (Γe/a) by the quan-
tum dot circuit is Γe/a ≃ 2nphΛ0∆A/A0, with an aver-
age photon number nph ∼ 120 in the cavity
75. This gives
Γe/a ∼ 2MHz, which corresponds to a photon-assisted
current of the order of 0.3 pA. For comparison, in Ref.72,
the photon-assisted current between a dot and a N con-
tact reaches 30 pA. In spite of this, we can directly
detect photon emission/absorption thanks to the cavity.
This demonstrates that circuit QED techniques provide
accurate tools to revisit the physics of photon-assisted
tunneling. Note that despite long-standing theoretical
interest50–59, our work represents the first experimental
study of photon-assisted tunneling between a quantum
dot and a superconductor.
V. SUMMARY, EXTENSION OF OUR THEORY
AND PERSPECTIVES
We have studied experimentally the behavior of a spin-
degenerate N/dot/S hybrid structure based on a carbon
nanotube, coupled to a microwave cavity with frequency
ω0. We have observed a large variety of effects depend-
ing on the values of the tunnel rates and on the bias
8voltage applied to the device. For intermediate N/dot
tunnel rates ΓN ∼ 2.5ω0 and equilibrium conditions,
the cavity frequency and linewidth shifts follow a scal-
ing relation which is independent of the quantum dot
gate voltage. This behavior is related to the universality
of the quantum charge relaxation resistance RAC pre-
dicted by Bu¨ttiker and coworkers37,38 in the adiabatic
limit (ω0 ≪ ΓN ). More precisely, it reveals the inde-
pendence of RAC from the dot gate voltage, which is al-
ready approximately valid for intermediate tunnel rates
ΓN ∼ 2.5ω0. Remarkably, we obtain this behavior in
spite of the presence of Coulomb blockade in the dot,
which was not taken into account in the original model
by Bu¨ttiker et al. This observation is consistent with
recent theory works which predict that the universality
of charge relaxation should persist in the spin-degenerate
interacting case45,46. Our measurements are doubly com-
plementary to those of Gabelli et al., who have observed
the universal charge relaxation in the (spin-polarized)
non-interacting case, and who could not probe the gate
dependence of RAC
39. We have also observed in a con-
trolled way the departure from the scaling regime, when
the dot behavior changes from capacitive to inductive.
In the finite bias voltage regime, we have observed neg-
ative photon damping by the quantum dot circuit. This
reveals photon emission caused by inelastic quasiparti-
cle tunneling between the dot and the BCS peaks of the
S reservoir. The cavity signals are able to reveal this
process although it is not resolvable in the dot DC cur-
rent. Strikingly, all the effects depicted above can be
modeled quantitatively with a single non-interacting de-
scription. Hence, in our regime of parameters, strong
Coulomb blockade, which we have disregarded, does not
seem to modify the main physical behavior of our sys-
tem. The agreement between our data and theory sug-
gests that interactions simply lead to a renormalization
of our fitting parameters. Nevertheless, a comparison be-
tween our data and a fully interacting theory would be
interesting. So far, theory works have mainly focused on
the value of RAC for Vb = 0 but our work shows that the
cavity frequency shift and linewidth shift would deserve
to be studied independently in the full Vg and Vb ranges.
More generally, our work validates a description of meso-
scopic QED experiments in terms of an electronic charge
susceptibility.
Considering the agreement of our theory with exper-
imental data, it is interesting to generalize it to more
complex hybrid structures. The versatility of nanofab-
rication techniques allows to envision a large variety of
experiments combining quantum dot circuits and cavi-
ties. In practice, nanoconductors can be tunnel-coupled
to various types of fermionic reservoirs such as normal
metals, superconductors76, but also ferromagnets with
collinear18,77 or non collinear magnetizations17,78. These
different elements can be combined in a large variety of
geometries, involving for instance inter-dot hopping6–17,
and multiterminal contacting77,79. In this context, we
generalize our approach to geometries with several quan-
tum dots/sites or several orbitals. In the case where each
discrete level i ∈ [1, N ] of the nanocircuit is shifted by
the cavity field aˆ+ aˆ† with a constant gi, we obtain
bt
bin
=
t0
ωRF − ω0 − iΛ0 − Σi,jgigjχij(ω0)
(10)
In the linear response limit, the susceptibility χij(ω) for
orbital indices i, j can be calculated within the Keldysh
formalism as80
χ∗i,j(ω0) = −i
∫ dω
2pi
Tr
[
Sˇij(ω)Gˇ
r(ω)Σˇ<(ω)Gˇa(ω)
]
(11)
with
Sˇij(ω) = τˇiGˇ
r(ω + ω0)τˇj + τˇj Gˇ
a(ω − ω0)τˇi (12)
These expressions involve multisite Keldysh Green’s
functions Gˇr(a), a lesser self energy Σˇ< and the elec-
tron/photon coupling element τˇi at site i, which are de-
fined in Appendix VIIID. In principle, the susceptibility
χij(ω) can be calculated with other techniques than the
Keldysh formalism81,82. However, one interest of this ap-
proach is that it is particularly convenient for describing
non equilibrium configurations with multiple quantum
dots and multiple reservoirs (normal metals, ferromag-
nets, and superconductors), as illustrated for instance by
Ref.83. It goes beyond the sequential tunneling picture
used so far to interpret most Mesoscopic QED experi-
ments. In principle, it also enables the description of
Coulomb interactions65,66.
The above formalism could be instrumental for un-
derstanding the behavior of complex cavity/nanocircuit
hybrid structures. In particular, it is suitable for un-
derstanding the interaction between cavity photons and
Cooper pair splitters, or topological hybrid nanocircuits.
Non-local entanglement and self-adjoint Majorana bound
states are intensively sought after in these devices, and
new investigation tools such as cavity photons could be
instrumental in this quest. More generally, our results
show that mesoscopic QED represents a powerful tool-
box to investigate quantum charge relaxation, photon-
assisted tunneling, and all other effects involving tun-
neling between a discrete level and fermionic reservoirs.
This opens many possibilities. For instance, the dy-
namics of the many body Kondo effect could be ex-
plored thanks to circuit QED techniques. Quantum
dot circuits could also open new possibilities for the so-
called ”quantum reservoir engineering”85,86, which would
exploit fermionic reservoirs in non-equilibrium configu-
rations to prepare non trivial photonic and electronic
states. Finally, there is a direct analogy between our
setup and a quantum dot circuit coupled to the vibra-
tional modes of a nano-object84. Hence, our findings
could be transposed to understand the dissipation of
nano electro mechanical systems.
9FIG. 6: Current I through the quantum dot (left panel) and
cavity signal ∆ϕ (right panel) versus V Lg and V
R
g , in the area
corresponding to the data of Figs.3c and 3d.
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VII. APPENDIX A: EXPERIMENTAL DETAILS
A. Sample fabrication and control
The cavity is a half-wavelength superconducting Nb
transmission line resonator, with a bare frequency
ω0/2pi ∼ 6.65 GHz and a quality factor Q ∼ 12800. We
measure the cavity transmission bt/bin with a homodyne-
like detection scheme. To form the quantum dot circuit,
we use a carbon nanotube grown by chemical vapor depo-
sition, which is stamped into the cavity to preserve Q88.
We evaporate on the nanotube two N contacts formed
by 70 nm of Pd, and a S contact formed by 4 nm of
Pd proximized with 100 nm of Al. The nanotube sec-
tions on the left and right of the S contact are cou-
pled to remote DC gates with voltages V Lg and V
R
g (see
Fig.1a). The AC top gate TG consists of a trilayer Al2O3
(6nm)/Al(50nm)/Pd(20nm). The double dot design of
our sample was initially developed for a Cooper pair split-
ting experiment which will be reported elsewhere94.
The sample is placed in a dilution refrigerator with
a base temperature of 16 mK. We apply the same bias
voltage Vb to the two N contacts. We measure the cur-
rent I in the S contact with a DC measurement, and we
use a Lock-In detection to determine the corresponding
differential conductance G. For e |Vb| > ∆, the current
I versus V Lg and V
R
g and the cavity signals correspond
to a pattern of parallel lines (see Fig.6). This indicates
that the whole nanotube section between the two N con-
tacts behaves as a single quantum dot. Therefore, in
section IV, we use an effective gate voltage parameter
Vg = aLV
L
g +aRV
R
g to represent the data. In section III,
we use level-dependent lever arms α and gate voltage off-
sets V 0g to express the gate voltage axis in terms of the
energy εd = α(Vg − V
0
g ) of the considered dot level with
measurement shot
V 0g (V)
α/2pi (GHz.V−1)
g/2pi (MHz)
ΓN/ω0
ΓN/2pi (GHz)
Γ˜N/2pi (GHz)
V˜b (mV)
1 1
−0.88 0.09
200 200
69 61
2.86 2.33
19 15.5
21 16
−0.18 −0.37
2
0.67
667
55
0.16
1.05
×
×
3 3 3
−1.30 −0.65 0.47
629 629 629
100 83 60
1.35 1.23 0.14
9.00 8.20 0.9
12.5 7.5 ×
0.42 0.32 ×
4
0.75
657
66
0.57
3.8
×
×
5
1.16
765
70
0.38
2.5
×
×
6 6 6 6
−2.03 −1.41 −0.72 −0.16
704 704 704 704
68 120 85 90
0.45 0.24 14.3 18.1
3 1.6 95 120
× × 64 149
× × 0.24 0.24
FIG. 7: Top panels: Cavity signals ∆ϕ (blue dots) and
∆A/A0 (red dots) versus εd for Vb = 0 and different dot
orbitals with decreasing tunnel rates ΓN from top to bot-
tom and left to right panels. The red and blue lines show
the predictions given by Eqs.(5) and (6) for the values of ΓN
and g given in the different panels and T = 60 mK. When a
resonance is already shown in the main text, we indicate the
corresponding figure number in pink. Bottom table: Param-
eters corresponding to the different N/dot resonances shown
in the upper part of the figure. We first show the effective
gate voltage V 0g and the lever arm α extracted from our ex-
perimental data, and the fitting parameters ΓN and g used
to model the cavity signals ∆ϕ and ∆A. We also show, when
possible, the value of the N/dot tunnel rate Γ˜N estimated
from the conductance data through the S/dot/N structure
for a voltage V˜b > ∆/e. Each block in the table corresponds
to the one shot measurement of a given gate voltage range.
The signals ∆ϕ, ∆A and G were measured simultaneously in
each measurement shot.
respect to the Fermi energy of the N reservoir (see Table
of Fig.7 for the values of the parameters α and V 0g ). This
is more convenient to compare the energy width of the
different resonances.
B. Supplementary data and system parameters
In order to demonstrate further the quantitative agree-
ment between our theoretical approach and the data, we
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present supplementary data together with their theoreti-
cal modelling. Figure 7 shows the cavity signals ∆ϕ and
∆A at Vb = 0 for 12 different quantum dot/reservoir res-
onances, including those of Figs.2 and 3 for completeness.
Figure 8 shows the dot conductance and cavity signals,
for different values of Vb, on a wider Vg-scale than in
Fig.5.
Near each dot/reservoir resonance, we calibrate the
bare cavity linewidth Λ0 ∼ 2pi × 0.26 MHz and the bare
cavity transmission amplitude A0 ∼ 6.1 mV. The aver-
age photon number nph in our measurements is estimated
from setup transmission calibration. Assuming a 6dB
uncertainty we obtain a lower bound nph > 20 which en-
sures the validity of the semiclassical approximation used
in our theory (see Appendix B). The agreement between
our theory and data also confirms that we remain in the
linear response regime invoked in Appendix B. Other-
wise, the width of the resonances in the cavity response
would not match with the theory87.
The parameters V 0g , α, ΓN and g for the 12 reso-
nances presented in Figs.2 and 7 are given in the bot-
tom table of Fig.7. The dot/photon coupling g varies
from 2pi × 55 MHz to 2pi× 120 MHz and the tunnel rate
ΓN from 2pi × 0.9 GHz to 2pi × 120 GHz. The circuit
parameters may take different values for different mea-
surement shots, probably due to charge reorganizations
in the sample, which change the offset V 0g or the po-
tential landscape of the quantum dot. Therefore, we
have separated the table in Fig.7 into different blocks
which correspond to single shot measurements of a given
gate voltage range. The tunnel rate ΓN does not show a
monotonic dependence with Vg on a large scale. Some-
times, we have found a locally monotonic dependence,
on a scale of about 3 consecutive resonances, as illus-
trated by the blocks corresponding to measurements 3
and 6 in the table. The non-monotonic behavior of ΓN
with Vg is very common in carbon nanotubes and may
be attributed to weak disorder. Moreover, the varia-
tions of ΓN and g do not seem correlated, most probably
because ΓN depends on the properties of the dot inter-
faces whereas g depends on the overlap of the whole dot
orbital with the cavity photonic pseudopotential5. Fi-
nally, the value of α for the measurement 1 differs signif-
icantly from the values used in the other measurements
because aL = 1 and aL = 0 were used for measurement
1 whereas aL = 0.75 and aR = 0.66 were used for the
other measurements. For section IV, we have used in
the theory εd = α(Vg − V
0
g ) + γVb with V
0
g = 0.79 V,
α = 2pi × 723 GHz.V−1 and γ = 2pi × 87.3 GHz.mV−1.
Since we are in the regime ΓN ≫ ΓS , we could expect
that, for each dot orbital considered in section III, a fit of
the N/dot conductance peak for a bias voltage V˜b > ∆/e
should give the value of the N/dot tunnel rate. Then, the
only remaining fitting parameter for ∆ϕ and ∆A should
be g. Indeed, for the 6 upper resonances in Fig.7, a
Lorentzian fit of the N/dot conductance peak gives an
estimate Γ˜N of the N/dot tunnel rate which is in rather
good agreement with the value ΓN estimated from the
cavity signals (see values in the bottom table of Fig.7).
For the highest tunnel rates ΓN/ω0 = 18.1 and 14.3, in-
accuracies in the estimation of Γ˜N stem from cotunneling
peaks which appear between the Coulomb diamonds and
would require a more complete theory. The conductance
data for intermediate tunnel rates 1.23 < ΓN/ω0 < 2.86
are more affected by experimental noise. One can try to
minimize these two difficulties by estimating Γ˜N for val-
ues V˜b of the bias voltage such that cotunneling and ex-
perimental noise are reduced. However, for smaller tun-
nel rates comparable to the temperature, the straightfor-
ward estimation of the N/dot tunnel rate from G is not
possible anymore due to temperature broadening effects.
Therefore, in section III, we have preferred to treat ΓN as
a fitting parameter for the cavity response, knowing that
since we have to fit simultaneously two 1D curves with
two parameters ΓN and g, these parameters are strongly
constrained anyway.
VIII. APPENDIX B: THEORETICAL
APPROACH
A. Hamiltonian of the quantum dot circuit
To model the behavior of our setup, we use the total
Hamiltonian (1) of the main text, with
Hd =
∑
σ
εddˆ
†
σ dˆσ +∆
∑
k
(
cˆS†k↑ cˆ
S†
−k↓ +H.c.
)
(13)
+
∑
O∈{S,N},k,σ
(
εOk cˆ
O†
kσ cˆ
O
kσ + (tOdˆ
†
σ cˆ
O
kσ +H.c)
)
+
∑
k,k′,σ
(
εnkk′ bˆ
n†
kk′σ bˆ
n
kk′σ + (tnbˆ
n†
kk′σ cˆ
S
kσ +H.c.)
)
the Hamiltonian of a single quantum dot contacted to a
N and a S contact. Above dˆ†σ [cˆ
O†
kσ ] creates an electron
with spin σ in the orbital with energy εd [ε
O
k ] of the dot
[reservoir O ∈ {S,N}]. To account for the broadening of
the BCS peaks in the density of states of S, we use an
auxiliary reservoir n whose states can be populated by
the operators bˆn†kk′σ. For simplicity, each level kσ of S is
coupled to an independent set kk′σ of levels in n. We
assume that a bias voltage Vb is applied to the N contact
whereas the S contact is grounded. For simplicity, we
disregard Coulomb interactions in the whole Appendix
B. Throughout this paper, we use ~ = 1 and define the
quantities ΓN , ΓS , Γn, εd, ω0, ωRF , ∆ω0, ∆Λ0 and g as
pulsations.
B. Calculation of the cavity microwave
transmission
The 2-port transmission of the cavity can be calcu-
lated with the input-output formalism for microwave
cavities89. In this framework, the bosonic modes q in
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FIG. 8: Top panel: Measured amplitude A versus Vb and Vg,
already shown in Fig.4,c. Bottom panels: Measured conduc-
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full red, blue and black lines show the predictions given by
Eqs. (3), (6) and (29), for the same parameters as in Fig.4.
The areas in the gray rectancles are enlarged in Fig. 5 of the
main text.
Eq. (1) include propagating modes in the L and R ports
of the cavity, and extra modes accounting for internal
cavity damping. The L and R ports cause contributions
ΛL(R) to the bare cavity linewidth Λ0, related to the fQ
coupling factors and the modes density (see Ref.89 for
details). One can treat explicitly the excitation with fre-
quency ωRF imposed on the cavity through the incoming
mode Q of the L port (ωRF = ωQ), by adding to the
Hamiltonian (1) the contribution
HRF = −i(fQaˆ
†BQe
−iωRF (t−t0) − f∗QaˆB
∗
Qe
iωRF (t−t0))
(14)
with t0 < t an initial time before the interaction of the
propagating modes with the cavity. The term HRF cor-
responds to a classical input signal
bin = BQfQe
−iωRF (t−t0)/
√
2ΛL (15)
in port L. Disregarding quantum fluctuations in the in-
put modes of the cavity, Eqs.(1) and (14), lead to
d
dt
aˆ = −iω0aˆ− ignˆ− Λ0aˆ−
√
2ΛLbin (16)
with nˆ(t) =
∑
σdˆ
†
σ dˆσ, while the cavity output signal
writes
bˆt =
√
2ΛRaˆ (17)
If the number of photons in the cavity is larger than
∼ 10, we can use the semiclassical approximation aˆ ≃ 〈aˆ〉.
In the linear response limit and stationnary regime, 〈aˆ〉
has a negligible component in eiωRF t provided the loaded
quality factor of the cavity remains good and ωRF ∼ ω0.
In the framework of Eq.(13), one can thus estimate the
time variations of the average number of electrons in the
dot from the linear response to aˆ ≃ a¯e−iωRF t, as
〈nˆ〉 (t) = gχ˜(ωRF )a¯e
−iωRF t + gχ˜(−ωRF )a¯
∗eiωRF t (18)
This expression involves the dot charge susceptibility
χ˜(t) = −iθ(t) 〈{nˆ(t), nˆ(t = 0)}〉g=0 (19)
calculated in the absence of the cavity. Throughout ap-
pendix B, we use the quantum mechanics convention for
the Fourier transform, i.e. χ˜(ω) =
∫ +∞
−∞ dt χ˜(t)e
iωt. In-
jecting Eq.(18) into the statistical average of Eq. (16)
and disregarding non resonant terms, we obtain
a¯ =
−ifQBQe
iωRF t0
~ωRF − ~ω0 + iΛ0 − g2χ˜(ω0)
(20)
For an agreement with the experimental data, one has
to keep in mind that microwave equipment uses the elec-
trical engineering Fourier transform convention, which
is complex conjugated to the usual quantum mechanics
convention. Hence, combining Eqs.(15), (17) and (20),
with bt =
〈
bˆt
〉
, and making the substitution i→ −i, we
obtain Eq.(2) of the main text, with χ(ω) = χ˜(ω)∗. Note
that Refs.5,34–36 have presented related linear response
approaches to express the cavity behavior in terms of the
charge susceptibility of the quantum dot.
C. Keldysh description of the quantum dot circuit
Using the time-dependent Keldysh formalism90, we ob-
tain the expression (3) of the main text for the dot charge
susceptibility. Interestingly, Refs.25 and35 have intro-
duced related expressions, restricted to the N/dot and
12
Andreev molecular cases respectively. Equation (3) in-
volves the retarded, advanced, and lesser Green’s func-
tions Gˇc of the quantum dot, with c = r, a and < respec-
tively, which have the structure
Gˇc =
 Gcdˆ↑,dˆ†↑ Gcdˆ↑,dˆ↓
Gc
dˆ†
↓
,dˆ†
↑
Gc
dˆ†
↓
,dˆc
↓
 (21)
in Nambu space. For any operators A and B,
we use GrA,B(t) = −iθ(t) 〈{A(t), B(t = 0)}〉 and
G<A,B(t) = i 〈B(t = 0)A(t)〉. From Hamiltonian (13), one
obtains52,91:
Gˇr(ω) =
(
Gˇa(ω)
)†
=
[
ω1ˇ− Eˇdot − Σˇ
r(ω)
]−1
(22)
Gˇ<(ω) = Gˇr(ω)Σˇ<(ω)Gˇa(ω) (23)
with
Σˇr(ω) = −i(ΓN/2)1ˇ− i(ΓS/2)Cˇ(ω) (24)
Σˇ<(ω) = iΓN fˇN (ω) + iΓSf(ω)Re[Cˇ(ω)] (25)
Above, we have introduced the diagonal matrices 1ˇ =
diag(1, 1), Eˇdot = diag(εd,−εd) and fˇN(ω) = diag(f(ω−
eVb), f(ω + eVb)). The terms Σˇ
c(ω), with c ∈ {r, a,<
}, describe the effect of the N and S reservoirs on the
quantum dot Green’s functions in the large bandwidth
approximation. We use tunnel rates Γr = 2pi |tr|
2
ρr with
ρr the density of states per spin direction in reservoir
r ∈ {S,N, n}. For describing electronic correlations in
the superconducting reservoir, we use
Cˇ(ω) =
[
Gω Fω
Fω Gω
]
(26)
with Gω = −i(ω + i
Γn
2 )/Dω, Fω = i∆/Dω and
Dω =
√
∆2 − (ω + i
Γn
2
)2 (27)
The parameter Γn is often omitted (see for instance
Refs.50–53,56,91,92), but is it essential to account for the
broadening of the BCS peaks which is observed experi-
mentally.
In the case Vb = 0 and ΓS ≪ ΓN ,∆ the effect of the
superconducting contact can be disregarded i.e. ΓS = 0.
In this limit, Eq.(3) leads to
χ(ω) =
ΓN
piω(iΓN − ω)
Log[
4ε2d + Γ
2
N
4ε2d − (2ω − iΓN )
2
] (28)
for T = 0 and Eq.(5) for T finite. In the case ΓS 6= 0, we
evaluate χ(ω) numerically from Eqs. (3), (4) and (21)-
(27).
For completeness, we mention that the DC current
through the spin-degenerate quantum dot can be calcu-
lated for g = 0 as91:
I =
2eΓNΓS
h
∫
dω (f(ω − eVb)− f(ω))
[
Gˇr Re[Cˇ]Gˇa
]
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+
2eΓ2N
h
∫
dω(f(ω − eVb)− f(ω + eVb))
∣∣Gˇr12∣∣2 (29)
This expression includes quasiparticle tunneling as well
as Andreev processes. With our non-interacting ap-
proach, when ΓS increases, subgap Andreev processes
appear much more quickly than what is expected in
the Coulomb blockade regime, because Coulomb inter-
actions forbid 2e charge fluctuations necessary for An-
dreev reflections92. In our case, this is not a problem
because we have a low ΓS . In Fig.4b, the onset of the
non-interacting Andreev current is slightly visible, but
this current is barely above the noise level of the data in
the top left panel. For values of ΓS larger than in our
experiment, it would be necessary to use an interacting
theory to reproduce satisfactorily the data.
D. Keldysh description of the multisite case
One can generalize the approach of Appendices VIII B
and VIII C to geometries with several quantum dots/sites
or several orbitals, denoted with an index i. In the case
where each discrete level i ∈ [1, N ] of the nanocircuit
is shifted by the cavity field aˆ + aˆ† with a constant
gi, a semiclassical linear-response description leads to
Eqs.(10), (11), and (12) of the main text. These equa-
tions involve generalized advanced and retarded Greens
functions Gˇa/r(ω) which enclose N ×N site/orbital sub-
blocks. The element Gˇ
a/r
ij (ω) has a Nambu structure:
Gˇ
a/r
ij =
 Ga/rdˆi↑,dˆ†j↑ Ga/rdˆi↑,dˆj↓
G
a/r
dˆ†
i↓
,dˆ†
j↑
Gc
dˆ†
i↓
,dˆc
j↓
 (30)
with G
a/r
A,B scalar Greens functions defined in Appendix B,
and Σˇ< the lesser self energy of the discrete levels. Above
dˆ†iσ creates an electron with spin σ in the orbital level i.
The matrix τˇi is a diagonal matrix which corresponds to
τˇ in the orbital block (i, i) and is zero otherwise.
Note that our formalism assumes that the cavity elec-
tric field shifts only the discrete energy levels i. This can
be obtained by using AC top gates to reinforce the cou-
pling between cavity photons and the quantum dot. If
one uses a different fabrication technology with e.g. re-
mote AC gates, it can be necessary to assume that the
cavity field also shifts by a different amount the poten-
tials of the different reservoirs coupled to the dot. In
such a case, one can obtain supplementary effects like
for instance a direct influence of the quantum dot cir-
cuit conductance on the cavity linewidth shift3,33,36,93.
A modulation of tunnel couplings by the photonic fields
could also be relevant for very high tunnel rates5. These
cases are beyond the scope of the present article.
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